Large-scale dynamics of winds originated from black hole accretion
  flows: (II) Magnetohydrodynamics by Cui, Can & Yuan, Feng
ar
X
iv
:1
91
0.
13
77
9v
3 
 [a
str
o-
ph
.H
E]
  3
1 D
ec
 20
19
Draft version January 1, 2020
Preprint typeset using LATEX style emulateapj v. 12/16/11
LARGE-SCALE DYNAMICS OF WINDS ORIGINATED FROM BLACK HOLE ACCRETION FLOWS: (II)
MAGNETOHYDRODYNAMICS
Can Cui1,2 and Feng Yuan1,2
1Shanghai Astronomical Observatory, Chinese Academy of Sciences, Shanghai 200030, China
2University of Chinese Academy of Sciences, 19A Yuquan Road, Beijing 100049, China
ccui@shao.ac.cn; fyuan@shao.ac.cn
Draft version January 1, 2020
ABSTRACT
The great difference in dynamical range between small-scale accretion disk simulations and large-
scale or cosmological simulations places difficulties in tracking disk wind kinematics. In the first paper
of this series, we have studied dynamics of hydrodynamic winds from the outer edge of the accretion
disk towards galactic scales. In this paper, we further incorporate magnetic fields by employing
one-dimensional magnetohydrodynamic (MHD) model, with fiducial boundary conditions set for hot
accretion flows. The wind solution is achieved through requesting gas to pass through the slow, Alfve´n
and fast magneto-sonic points smoothly. Beyond the fast magneto-sonic point, physical quantities are
found to show power-law dependences with cylindrical radius R, i.e. ρ ∝ R−2, vp ∝ const., vφ ∝
R−1, Bφ ∝ R−1, and β ∝ ργ−1. The magnetization of wind is dominant in determining the wind
properties. The wind is accelerated to greater terminal velocities with stronger magnetizations. The
fiducial parameters result in a terminal velocity about 0.016c. The dependance of wind physical
quantities on temperature, field line angular velocity, and adiabatic index is also discussed.
Subject headings: accretion, accretion disks — black hole physics — magnetohydrodynamics (MHD)
— methods: analytical
1. INTRODUCTION
It is widely accepted that disk winds are broadly
present in black hole accretion systems. On small
scales, they serve as an indispensable ingredient of
black hole accretion, determining the density and tem-
perature of accretion flows, subsequently affecting the
emitted spectrum (e.g., Yuan et al. 2003). On large
scales, they are key to interactions and coevolution
of the central black hole and its host galaxy (e.g.,
Ciotti et al. 2010, 2017; Ostriker et al. 2010; Choi et al.
2012; Weinberger et al. 2017; Eisenreich et al. 2017;
Yuan et al. 2018; Yoon et al. 2018, 2019). Wind
launching mechanisms are extensively studied in the
literature. In particular, three mechanisms have
been proposed, namely, the thermally driven (e.g.,
Begelman et al. 1983; Font et al. 2004; Luketic et al.
2010; Waters & Proga 2012), the radiation driven (e.g.
Murray et al. 1995; Proga et al. 2000; Proga & Kallman
2004; Nomura & Ohsuga 2017), and the magnetically
driven (e.g., Blandford & Payne 1982; Lynden-Bell 1996,
2003).
The magnetohydrodynamic (MHD) wind theory has
been long established, inherited by the seminal work
of Blandford & Payne (1982) and Lynden-Bell (1996,
2003), following by intense studies over the last
few decades (e.g. Pudritz & Norman 1983, 1986;
Sakurai 1985, 1987; Konigl 1989; Lovelace et al. 1991;
Pelletier & Pudritz 1992; Contopoulos & Lovelace 1994;
Cao & Spruit 1994; Ferreira & Pelletier 1995; Li 1995,
1996; Ferreira 1997; Ostriker 1997; Vlahakis et al. 2000;
Everett 2005; Fukumura et al. 2010; Bai et al. 2016).
Magnetically driven winds can be generally categorized
into two classes. One of which is the magneto-centrifugal
winds where the poloidal magnetic field dominates, and
the other is magnetic pressure gradient driven winds
where the toroidal field dominates.
A centrifugal force is able to drive winds if the poloidal
component of magnetic fields makes an angle more than
30◦ from the rotational axis (Blandford & Payne 1982).
The launching of magneto-centrifugal winds generally
requires the presence of a large-scale, ordered magnetic
field threading the disk with a poloidal component at
least comparable to the toroidal magnetic field (e.g.,
Cannizzo & Pudritz 1988; Pelletier & Pudritz 1992).
Global MHD simulations with time-dependency have
been performed to study the structure and evolution
of these winds, though the internal structure of the
disk is usually ignored with winds being ejected at
the boundary (e.g., Ustyugova et. al. 1995, 1999;
Romanova et. al. 1997; Ouyed & Pudritz 1997a,b,
1999; Krasnopolsky et. al. 1999; Kato et. al. 2002;
Anderson et al. 2005; Pudritz et al. 2006; Zanni et. al.
2007; Porth & Fendt 2010). The toroidal magnetic field
builds up due to disk rotation, giving rise to winds
driven by magnetic pressure gradient (Lynden-Bell
1996, 2003). Depending on the ratio of poloidal to
toroidal field strength, the wind will transition from
magneto-centrifugally driven to magnetic pressure gra-
dient driven along its propagation (Uchida & Shibata
1985; Pudritz & Norman 1986; Shibata & Uchida
1986; Stone & Norman 1994; Contopoulos 1995;
Kudoh & Shibata 1997; Ouyed & Pudritz 1997b).
Global simulations on cold accretion disks suffer from
proper implementation of radiative transfer processes,
which is key to the thin disk model. Moreover, the si-
multaneously modelling of geometrically thin disks with
resolved gas dynamics and propagation of disk winds
to large radii would be prohibitively time-consuming.
Previous numerical studies generally do not resolve the
full internal structure of the disk. Instead, they em-
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ploy simplifications by injecting winds from the simu-
lation boundary, assuming specific wind driving mecha-
nism(s) (e.g., Proga et al. 2000; Proga & Kallman 2002;
Luketic et al. 2010). Since the simplified model is not
able to generate wind self-consistently from accretion
disks, the wind properties obtained are not fully reli-
able. On the other hand, the theoretical understand-
ing of winds launched from hot accretion flows is more
advanced, partly due to the radiation is dynamically
unimportant in hot accretion flows and to the ease of
simulating geometrically thick flows. The early spec-
ulation of strong winds existing in hot accretion flows
(Narayan & Yi 1994; Blandford & Begelman 1999) was
later confirmed by numerical simulations (Yuan et al.
2012a,b; Narayan et al. 2012; Li et al. 2013).
Winds from hot accretion flows have been thoroughly
studied in Yuan et al. (2015) (hereafter Y15). They an-
alyze data from 3D general relativistic (GR) MHD simu-
lations via a virtual particle trajectory approach, which
effectively discriminates real wind from turbulent flows.
Winds originating from smaller radii are found to have
larger poloidal velocities, and the velocity roughly keeps
constant during the outward propagation. Differentiat-
ing from global simulations of thins disks, winds are self-
consistently generated in hot accretion flow simulations
with the internal dynamics of accretion flows resolved so
that reliable wind properties are obtained.
The simulations mentioned above can only track winds
on accretion disk scales. Nevertheless, wind properties
beyond this scale are of great importance in order to un-
derstand its role in the interactions between active galac-
tic nuclei (AGN) and host galaxies. Recent cosmological
simulations invoke winds from hot accretion flows inter-
acting with the interstellar medium on galactic scales to
overcome serious problems in galaxy formation, e.g., re-
ducing star formation efficiency in the most massive ha-
los (e.g., Weinberger et al. 2017). Moreover, Yuan et al.
(2018) comprehensively include feedback by wind and
radiation from AGNs in cold and hot feedback modes
and find that wind plays a dominant role in both modes,
though radiative feedback cannot be neglected.
The dynamics of disk winds have been studied in
the context of black hole accretion disks with most
devotions on thin disks (e.g., Contopoulos & Lovelace
1994; Romanova et. al. 1997; Proga et al. 2000; Proga
2003; Proga & Kallman 2004; Luketic et al. 2010;
Waters & Proga 2012; Cao 2014; Clarke & Alexander
2016; Nomura & Ohsuga 2017; Waters & Proga 2018),
and some of these works have extended to large radii. In
this series of work, we aim to study the wind dynamics
beyond accretion disk scales via analytical method. A
hydrodynamic model has been adopted in our first pa-
per to study thermally driven winds (Cui et al. 2019). In
this paper, we employ one-dimensional MHD equations
to understand how magnetic fields influence the wind
dynamics with special attention to those from hot ac-
cretion flows. The key factor of studying the large-scale
wind dynamics lies in the precise adoption of boundary
conditions because the MHD equations controlling the
wind dynamics are a set of differential equations. In this
work, we will revisit the large-scale dynamics with real-
istic boundary conditions from small-scale accretion disk
simulations and focus on winds from hot accretion flows.
Analytical studies of magnetized winds in cold black
hole accretion disks have been conducted in the liter-
ature. Some of these works invoke the simplification
of self-similarity in solving MHD equations hence suffer
from the fact that boundary conditions are not needed to
be prescribed (e.g., Everett 2005; Fukumura et al. 2010).
Despite the rarity of large-scale wind studies from hot
accretion flows, a recent work by Bu & Mosallanezhad
(2018) investigates the wind properties of Advection-
dominated accretion flows via resistive MHD equations.
However, their results are also limited by the adoption
of self-similar solutions. In this work, we pursue study
on magnetized disk winds by the standard Weber &
Davis model and solve the set of MHD equations self-
consistently, with the the most realistic boundary con-
ditions taken from small-scale accretion disk simulations
(Y15).
The paper is organized as follows. We describe the
MHD wind model and the analytical approach in §2. In
§3, we discuss the boundary conditions in terms of hot
accretion flows and thin disks. We present solutions by
detailing the magnetization, temperature, mass loading,
and acceleration mechanism of wind in §4. Parameter
studies on adiabatic indices and disk angular velocities
are conducted in §5. Finally, we summarize the main
findings and discuss the results in §6.
2. MODEL DESCRIPTION AND EQUATIONS
The steady (∂/∂t = 0), axisymmetirc (∂/∂φ = 0)
model of magnetized disk winds is presented in this sec-
tion, following equations introduced in Weber & Davis
(1967). The wind geometry is prescribed in §2.1. The
set of equations to be solved is described in §2.2 with
critical points properties detailed in §2.3. The numerical
procedures in solving MHD equations are elaborated in
§2.4, and a sample solution is displayed in §2.5. We list
the physical quantities in §2.6 which will facilitate the
analysis.
2.1. Wind Geometry
Using cylindrical coordinates (R, φ, z), we decompose
the magnetic field B and velocity field v at any point in
the outflow into poloidal and toroidal components,
B = Bp +Bφφˆ, v = vp + vφφˆ, (1)
where vp, Bp are the poloidal velocity and magnetic field
components, vφ is the rotational velocity, and Bφ is the
toroidal magnetic field component.
The wind is prescribed to be launched from disk sur-
face at (R0, z0), known as the wind base or the footpoint
of magnetic field line. Assuming large poloidal filed lines
threading the accretion disk, the field line is anchored at
wind base and is taken to be straight for R > R0 in the
poloidal plane. This simplified assumption enables us to
easily incorporate with the wind geometry, and it is valid
through small-scale accretion disk simulations for hot ac-
cretion flows (Y15, see their Figure 1). With a constant
inclination angle θ to the rotational axis, we parametrize
the poloidal filed line, which is also the streamline of
the wind due to flux freezing, by R = R0 + s cos θ and
z = z0 + s sin θ, where s denotes the length along the
poloidal magnetic field.
The 1D Weber and Davis model requires the prescrip-
tion of poloidal field strength along the streamline. We
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adopt the divergence free condition, writing the function
of Bp(R) in the form
Bp(R) = Bp0
(
R
R0
)
−2
, (2)
where subscript naught denotes quantities at the wind
base.
2.2. Conservation Laws
A magnetized disk wind is described by six equations
for six variables, the gas density ρ, pressure P , poloidal
components of velocity and magnetic field vp, Bp, and
toroidal components vφ, Bφ. One of these equations pre-
scribing the strength of poloidal magnetic field along the
streamline is shown in Equation (2). Another among
these is the polytropic equation of state
P = Kργ , (3)
whereK and γ are constants with latter representing the
polytropic index. The sound speed is defined by c2s ≡
∂P/∂ρ = γP/ρ. The polytropic relation is employed
to express the enthalpy term in conservation of specific
energy (Equations 12 and 13).
The rest four (Equations 9-12) are conservation laws
derived from stationary ideal MHD. In the Gaussian unit
system, these equations read (Spruit 1996)
∇ · (ρv) = 0, (4)
ρ(v · ∇)v = −∇P − ρ∇Φ+ 1
4pi
(∇×B)×B, (5)
∇× (v ×B) = 0, (6)
∇ ·B = 0, (7)
where Φ represents the gravitational potential. Equa-
tion (4) is the continuity equation, and Equation (5)
is the equation of motion. Equations (6) and (7) are
the induction equation and the divergence free condition
which states that no magnetic monopoles exists. Due to
axisymmetry and the conservation of magnetic flux, the
poloidal magnetic field is derived from the magnetic flux
function ψ by (Spruit 1996; Ogilvie 2016)
Bp =
1
R
∇ψ × φˆ. (8)
Hence we have B · ∇ψ = 0, which indicates that the flux
function ψ labels field lines or their surfaces of evolution.
For steady and axisymmetric flow, Equations (4)-(7) are
reduced to four conservation laws with four invariants
κ, ω, l, ε. These quantities are functions of ψ, thereby
conserved along each individual field line.
The first of these invariants can be derived from the
continuity equation:
κ(ψ) ≡ 4piρvp
Bp
, (9)
where κ is the ratio of mass flux to magnetic flux. The
induction equation further gives the conservation of an-
gular velocity of the filed line:
ω(ψ) ≡ vφ
R
− κBφ
4piρR
, (10)
where vφ = ΩR, and Ω is the gas angular velocity. Fol-
lowing Equation (6), the steady and axisymmetric con-
ditions give vp×Bp = 0, since they do not allow the ex-
istence of toroidal electric field (Eφ = −vp ×Bp/c = 0).
Thus, the poloidal velocity and magnetic field are every-
where parallel to each other, vp ‖ Bp. This expresses
the flux freezing condition and does not depend on the
reference frames. Along with Equation (10), the total
gas velocity is parallel to the total magnetic field in the
frame rotating with ω. The azimuthal component of the
equation of motion implies the conservation of angular
momentum on each filed line:
l(ψ) ≡ vφR− RBφ
κ
. (11)
The first term on the right is the ordinary specific angular
momentum, and the second term represents the torque
associated with the magnetic stresses. The Bernoulli in-
tegral or the conservation of specific energy expresses the
last invariant:
ε(ψ) ≡ 1
2
v2p +
1
2
(vφ − ωR)2 +Φeff + h, (12)
where Φeff = Φ − ω2R2/2 is the combined potential en-
ergy of centrifugal and gravitational forces along the field
line. The gravitational potential by a pointmass is de-
fined as Φ = −GMBH(R2 + z2)−1/2, where MBH is the
mass of the central black hole. Along with the polytropic
law, the enthalpy h =
∫
dP/ρ is written as
h =
γ
γ − 1Kρ
γ−1. (13)
It is obvious from the angular velocity and centrifu-
gal potential terms that Equation (12) is written in
the rotating frame with footpoint angular velocity ω.
In the rest frame, the Bernoulli constant is given by
ε˜ = v2/2 + Φ + h − RωBφ/κ, where v = (v2p + v2φ)1/2.
The last term corresponds to the Poynting flux and is
not shown in ε. This is because in the rotating frame,
the magnetic field is strictly parallel to the flow velocity
such that the Lorentz force FL = J × B/c everywhere
perpendicular to B is perpendicular to v − ωRφˆ, hence
the field does no work in this frame. The two Bernoulli
integrals are related by ε = ε˜− lω.
2.3. Critical Points
It is convenient to introduce the poloidal Alfve´nic
Mach number MA, which is defined as
M2A =
v2p
v2Ap
=
κ2
4piρ
, (14)
where vAp = Bp/
√
4piρ is the poloidal Alfve´n velocity.
Eliminating Bφ in Equations (10) and (11) gives
vφ =
M2Al/R− ωR
M2A − 1
. (15)
The radius R = RA whereMA = 1 is the Alfve´nic point.
The denominator of the expression for vφ goes to zero
at this point, hence we require the numerator to vanish
identically. This results in a simple expression for the
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conserved specific angular momentum as
l = ωR2A. (16)
Substituting Equations (9)-(11) into Equation (12) the
Bernoulli integral, we can express ε as a function of ρ and
R
ε = H(ρ,R), (17)
and H(ρ,R) takes the explicit expression
H(ρ,R) =
1
2
κ2B2p
(4piρ)2
+
1
2
(l/R− ωR)2κ4
(4piρ− κ2)2 +Φeff +h. (18)
Substituting ρ by MA through Equation (19), we obtain
H(MA, R) =
1
2
M4AB
2
p
κ2
+
1
2
(l/R− ωR)2
(M−2A − 1)2
+Φeff+h. (19)
Critical points can be obtained via requiring the partial
derivatives of H(ρ,R) to be zero,
∂H(ρ,R)
∂ρ
=
∂H(ρ,R)
∂R
= 0, (20)
which gives the slow (ρs, Rs) and the fast (ρf , Rf)
magneto-sonic point. The subscripts s and f denote slow
and fast critical points. In particular, these points man-
ifest themselves in the partial derivative of ρ,
ρ
∂H
∂ρ
= −v2p −
(Ω− ω)2R2
1−M2A
+ c2s
=
v4p − (c2s + v2Ap + v2Aφ)v2p + c2sv2Ap
v2Ap − v2p
=
(v2p − v2sp)(v2p − v2fp)
v2Ap − v2p
, (21)
where vAφ = Bφ/
√
4piρ is the toroidal Alfve´n velocitiy,
and the square of the sound speed is defined as c2s ≡
∂P/∂ρ = γP/ρ. The expressions of vsp and vfp are given
by the quadratic formula
v2sp, v
2
fp =
(c2s + v
2
A)∓
√
(c2s + v
2
A)
2 − 4c2sv2Ap
2
, (22)
where v2A = v
2
Ap + v
2
Aφ. The left hand side vanishes
in Equation (21) when vp equals either the slow mode
velocity vsp or the fast mode velocity vfp. Besides the
conditions for critical points imposed by Equation (20),
a further constraint is placed to equate the energies at
slow and fast points to the Bernoulli constant
H(ρs, Rs) = ε, H(ρf , Rf) = ε. (23)
We have seen that at the slow and fast magneto-sonic
points six equations are introduced, i.e. Equations (20)
and (23) at (ρs, Rs) and (ρf , Rf), while eight variables
(ρs, Rs, ρf , Rf , κ, ω, l, ε) are presented. Among these vari-
ables, if two are specified then the remaining six can be
determined. In this paper, we fix ω and ε, and solve for
the rest variables ρs, Rs, ρf , Rf , κ and l. Hence, any wind
solution is characterized by ω and ε.
2.4. Numerical Procedures
We have verified that in pure hydrodynamic model
wind solutions should be either supersonic or transonic,
whereas the subsonic solutions are not likely to exist
due to low-frequency acoustic perturbations (Cui et al.
2019). Thereby, our MHD equations are solved under the
condition that all solutions should pass through the slow,
Alfve´n, and fast magneto-sonic point smoothly. The gen-
eral equations to be solved are given in Equations (20)
and (23). These equations shall be fulfilled at the slow
and fast magneto-sonic point. To start with, we iter-
ate over a set of values for l and solve for κ,Rs,M
2
As at
the slow critical point. We then solve for l, Rf ,M
2
Af at
the fast critical point using κ found at the slow point.
The initial guess of l and its computed value at fast
point are compared for each iteration until the two val-
ues match. The initial guesses for all these variables are
taken through the inspection of the contour H(ρ,R) = ε.
Once ρs, Rs, ρf , Rf , κ and l are found, the rest variables
can be obtained via either solving H(ρ,R) = ε directly
or tracking along the contour curve.
Success in finding the solution at the first time involves
difficulties. However, once the first set of solution is
achieved, it can be used as the initial guess as one al-
ters the parameters to find new sets of solutions. Note
that some solutions have their initial poloidal velocities
exceed the slow mode velocities, or equivalently Rs < R0.
The wind can be accelerated through any other mecha-
nisms when R < R0 which is outside the scope of this
paper, and we focus on the large-scale wind dynamics
for R > R0 in the ideal MHD regime as the model estab-
lished in this paper.
2.5. Solution plane
Figure 1 shows the solution plane of the wind model.
In the top panel, we plot curves of H(ρ,R) = ε,
∂H(ρ,R)/∂ρ = 0, and ∂H(ρ,R)/∂R = 0 in the (M2A, R)-
plane. Their interactions represent the slow, Alfve´n, and
fast magneto-sonic points, respectively. The wind solu-
tion curve is part of the solid curve that smoothly con-
nects the slow, Alfve´n and fast magneto-sonic point in or-
der, with poloidal flow velocity exceeds the slow, Alfve´n,
and fast mode velocities when the solution crosses the
corresponding critical points.
In the bottom panel, we plot the contours of H(ρ,R)
and highlight the H(ρ,R) = ε curve in black, where our
wind solution resides in, using Equation (19). The colors
delineate contours with Bernoulli integrals that deviate
from ε. Inspecting on the color contours near the criti-
cal points, it shows that the slow and fast critical points
are saddle points. Although the Alfve´n point is a fo-
cus of a bundle of cruves, it does not impose additional
constraints on the wind solution. This can be under-
stood as the condition has already been applied at the
Alfve´n point in deriving Equation (16). Strictly speak-
ing, it should be referred to Alfve´n point but not Alfve´n
critical point.
2.6. Definition of Physical Quantities
The Alfve´n point separates the wind solution into two
regimes in terms of rotation. ForMA ≪ 1 Equation (15)
gives
vφ ≈ ωR, (24)
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Fig. 1.— Solution plane of the wind model. Top panel: The solid,
dashed, and dotted curves represent the solutions of H(ρ, R) =
ε, ∂H(ρ, R)/∂ρ = 0, and ∂H(ρ, R)/∂R = 0. The intersections
between these curves show the loci of the slow (red), Alfve´n (green),
and fast (black) mode velocities, respectively, from the bottom to
the top of the (M2A, R)-plane. Bottom panel: solution curves by
drawing contours of H(ρ, R) with Equation (19). Colors delineate
deviations from H(ρ, R) = ε, for which is highlighted in black. The
wind solution should be part of the solid black curve that smoothly
connects the slow, Alfve´n, and fast points.
where the fluid corotates (Ω = ω) with the angular ve-
locity of the magnetic field lines. For MA ≫ 1,
vφ ≈ l
R
, (25)
and the fluid rotates by conserving its specific angular
momentum. In practice, wind usually starts from low
velocities (MA ≪ 1) so that we can identify ω ≈ Ω0,
where Ω0 is the angular velocity of wind at the footpoint.
The specific angular momentum is Ω0R
2
0 at the launching
point. Once the wind is accelerated to the Alfve´n point,
the excess of the specific angular momentum is Ω0(R
2
A−
R20). By the assumption that Ω0 ≈ ΩK(R0), the wind
mass loss rate is related to the mass accretion rate inside
the disk by (Ferreira & Pelletier 1995; Bai et al. 2016)
ξ =
1
M˙acc
dM˙wind
d lnR
=
1
2
1
(RA/R0)2 − 1 , (26)
where M˙acc is the wind-driven accretion rate, M˙wind(R)
is the cumulative mass-loss rate, ξ is called the ejection
index, and the ratio RA/R0 is often referred to the mag-
netic lever arm. The location of the Alfve´n point can
thereby provide a convenient measure of the mass loss to
the accretion rate.
To quantify the wind properties, we introduce the di-
mensionless mass loading parameter µ, defined as
µ = κ
ωR0
Bp0
. (27)
The invariant κ in Equation (9) represents the mass flux
per field line. The mass loading parameter is obtained by
normalizing κ with Bp0/ωR0. The wind is lightly loaded
when µ ≪ 1, and heavily loaded when µ ≫ 1. Char-
acteristic quantities of wind can be written explicitly as
a function of µ in a simplified model (Equations 28-30),
which assumes that wind propagates along the equatorial
plane and ignores thermal pressure (cs = 0; Spruit 1996).
Our wind model has a more general application than the
simplified model and differs from it by a constant angle
from the equatorial plane and finite wind temperature.
In §4.5, we will directly compare our results to the ex-
pressions derived from this simplified model.
The locus of the Alfve´n point can be expressed as
RA
R0
= [
3
2
(1 + µ−2/3)]1/2. (28)
As the wind is lightly loaded, the Alfve´n radius is far
from the wind base. While for heavily loaded wind, the
Alfve´n radius reaches a minimum of RA/R0 = (3/2)
1/2
when µ → ∞. Furthermore, the terminal wind velocity
can be written by
v∞p = ωR0µ
−1/3, (29)
which states that wind carrying small mass flux can be
accelerated to large velocities. When µ = 1, the terminal
velocity is equal to the rotational velocity at the wind
base.
The ratio of the toroidal to poloidal magnetic field at
the Alfve´n radius can be approximated by
Bφ
Bp
∣∣∣∣
RA
≈ (19/8)1/2 (µ≪ 1),
≈ 1.14µ (µ≫ 1). (30)
In the limit of weak mass loading, the ratio reaches a con-
stant and is nearly unity. This case can be referred to
as the centrifugally accelerated wind. Up to the Alfve´n
radius, the field lines are not strongly bent and the wind
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corotates with the field line. On the other limit, with
strong mass loading, the field line winds up developing
strong toroidal magnetic field from the wind base with
the corotation breaking down. The wind is then accel-
erated by the toroidal magnetic pressure gradient with
terminal velocity much less than that at the wind base.
Another quantity of interest is the ratio of Poynting
flux to kinetic energy flux σ. The component of Poynting
flux parallel to the poloidal field is −ωRBpBφ/4pi. Far
beyond the Alfve´n radius R ≫ RA, one expects Ω ≈
ωR2A/R
2 by Equation (15) so that Ω≪ ω. Thereby, from
Equation (10) one has Bp ≈ Bφvp/ωR, hence Bφ ≫ Bp
at very large R. Then, we can write the conversion of
magnetic to kinetic energy by
σ =
−ωRBpBφ
2piρv3p
≈ B
2
φ
2piρv2p
∣∣∣∣
∞
≈ 2v
2
A
v2p
∣∣∣∣
∞
. (31)
Note that at infinity, we have vp > vA since vfp > vA,
which gives an asymptotic value of σ < 2.
3. MODEL PARAMETERS
The footpoint of the magnetized disk winds is set to be
at a spherical radius r0 = 10
3rg, where rg ≡ GM/c2 is
the gravitational radius. For convenience, we normalize
radius, velocity, and density by their values at the foot-
point of the field line, such that R0 = vK0 = ρ0 = 1.
Poloidal magnetic field strength is parameterized by
the poloidal Alfve´n velocity vAp0 = Bp0/
√
4piρ0 at the
wind base. This conveniently relates the magnetic field
strength to the velocity so that one can describe the field
strength by comparing it to the Keplerian velocity. For
the fiducial wind model, the parameters are chosen to be
z0 = 0.5R0, θ = 45
◦,
vAp0 = 0.2vK0, cs0 = 0.5vK0, ω = 0.8ΩK0, (32)
and the adiabatic index is set to γ = 1.4 throughout.
The fiducial parameters are set by considering the
regime of hot accretion flows. Wind properties are inves-
tigated in Y15 based on 3D GRMHD simulations where
disk winds are produced self-consistently from hot ac-
cretion flows. These winds are launched from ∼ 30rg
up to the outer boundary of the accretion flow, which
implies that at the footpoint winds are a combination
of those originated from r ≤ r0. Launched from differ-
ent radii, winds possess different velocities and almost
keep constant during the outward propagation, indicat-
ing that the velocity at the footpoint must be diverse.
The trajectory of wind after launching is found to follow
a straight line along an angle θ . 45◦, i.e. more prone to
the pole rather than the equatorial plane.
We adopt wind properties concluded in Y15 as our
fiducial model parameters. The location of the footpoint
is chosen to be the outer radial boundary of their simu-
lations. The hot accretion flow maintains a disk aspect
ratio which the scale height H is about a half of the
cylindrical radius R. We assume the wind base is at one
disk scale height and set θ = 45◦ in the fiducial model.
The poloidal magnetic field strength vAp0 is adopted so
that the plasma β ≡ Pgas/Pmag = 8piρc2s/(B2p +B2φ), de-
fined as gas pressure over magnetic pressure, is about
unity at the wind base (Figure 2). The sound speed is
set by disk aspect ratio H/R = cs0/vK0, which is equiva-
lent to about 1.36× 109 K at the footpoint. The fiducial
angular velocity of the field line ω is computed by Equa-
tion (10) in accretion disk simulations. We address that
the poloidal velocity at the footpoint is not prescribed in
Equation (32), different from our previous hydrodynamic
work, because satisfying conditions of passing through all
three critical points smoothly places constraints on the
number of parameters needed to be given. Hence, the
poloidal velocity vp0 is solved by MHD equations, and
we confirm that the value found in the fiducial setup is
consistent with the value of GRMHD simulations (see
§4.2).
Winds emerged from thin disks have different proper-
ties from hot accretion flows. The disks are cold for which
the sound speed cs0 is expected to be low. A value of 0.1
or 0.05vK0 is usually taken for these disks in numerical
simulations. For both accretion regimes, the magnetic
field strengths at the wind base are barely constrained.
Aiming to include a variety of winds with diverse prop-
erties from hot accretion flows and thin disks, we employ
parameter spaces as follows besides our fiducial setup.
We obtain wind solutions over large domains of poloidal
magnetic field, where vAp0 ∈ [0.01, 100]. The tempera-
tures at the wind base span over cs0 ∈ [0.01, 0.5]. The
angular velocity of the field line ω ∈ {0.8, 1} and the
adiabatic index γ ∈ {1.3, 1.4, 1.5} are also under investi-
gation in §5.
4. RESULTS
In this section, we present numerical results of MHD
wind solutions by analyzing the fiducial model in §4.1,
the dependence on poloidal magnetic field strength in
§4.2, the wind temperature in §4.3, and the mass loading
in §4.5. The wind acceleration mechanism is discussed in
§4.4. We address that all the solutions obtained have sub-
Alfve´nic velocities at the wind base, though some of the
solutions may already pass through the slow magneto-
sonic point.
4.1. The Fiducial Solution
We commence with analyzing the behaviour of charac-
teristic physical quantities with fiducial parameters pre-
scribed in Equation (32), showing by curves of vAp0 = 0.2
in Figure 2. The radial profiles of density, poloidal and
toroidal velocities, ratio of magnetic field, plasma β, and
ratio of Poynting to kinetic energy flux are displayed in
the plot.
The upper middle panel indicates that the wind is ac-
celerated monotonically passing through Alfve´n and fast
magneto-sonic points. We address that the poloidal ve-
locities of the fiducial model already passed through the
slow magneto-sonic point at the wind base. The wind
keeps accelerating after propagating through the Alfve´n
point. The poloidal velocity approaches an asymptotic
value at large radii; beyond fast point, it almost main-
tains a constant. From the figure, the density profile
drops as ρ ∝ R−2 at large distances which is as ex-
pected in Equation (9), since the poloidal magnetic field
strength is prescribed to obey the divergence free condi-
tion as Bp ∝ R−2, and the poloidal velocity keeps about
a constant beyond the fast point.
The angular velocity profile shown in the upper right
panel implies whether the gas corotates with the field
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Fig. 2.— Profiles of density, poloidal and toroidal velocity, the ratio of toroidal to poloidal magnetic field, plasma β, and the ratio of
Poynting flux to kinetic energy flux σ of wind as a function of cylindrical radius R along the wind trajectory prescribed with θ = 45◦ to the
rotational axis. Colors indicate various initial poloidal magnetic field strengths with vAp0 ranging from 0.2 to 10 vK0. Solid circles mark
the Alfve´n points, and triangles represent the fast magneto-sonic points.
line, i.e. vφ ∝ R, or it rotates by conserving its spe-
cific angular momentum, i.e. vφ ∝ R−1. These two
regimes correspond to different wind acceleration mech-
anisms which will be detailed in §4.4. In short, when
the poloidal magnetic field dominates the toroidal com-
ponent, the corotation occurs and associates with the
magneto-centrifugal force. During the outward propaga-
tion of the gas, the field lines wind up with the develop-
ment of toroidal magnetic fields. The corotation is ceased
once the toroidal component dominates. The wind then
rotates by conserving specific angular momentum, and
the acceleration is driven by the toroidal magnetic pres-
sure gradient. In our fiducial model, the gas is mainly in
the toroidal magnetic pressure gradient driven case.
In the lower left panel, we display the ratio of toroidal
to poloidal magnetic field. A minus sign is taken since the
toroidal magnetic field has opposite sign to the poloidal
one both above and below the equatorial plane due to
the disk rotation. Since −Bφ/Bp scales approximately as
∝ R, the toroidal field strength possesses a flatter slope
than the poloidal one with Bφ ∝ R−1. The plasma β is
computed by the ratio of gas pressure to magnetic pres-
sure. Although Bp and Bφ are comparable at the wind
base, the magnetic pressure is dominated by toroidal
component at large radii. The plasma β is then domi-
nated by the profile of sound speed as the density and the
magnetic pressure have the same proportionality with R.
The sound speed is proportional to c2s ∝ ργ−1 so that one
can obtain β ∝ c2s ∝ R−0.8.
The conversion of Poynting flux to kinetic energy flux
are shown in the lower right panel of Figure 2. Near the
wind base, the magnetic energy overwhelms the kinetic
energy. As wind propagating outward, the magnetic en-
ergy converts to kinetic energy yielding a decline in their
ratio. Beyond the fast magneto-sonic point, the ratio
approaches an asymptotic value of σ ∼ 2 as expected in
Equation (31).
4.2. Dependence on Poloidal Magnetic Field
To study the dependence of poloidal magnetic fields,
we keep cs0 constant and vary vAp0. Since the initial
poloidal magnetic field strength is barely constrained,
we explore a large domain by setting vAp0 = 0.01vK0
and vAp0 = 100vK0 to be the lower and upper limit (Fig-
ure 3). The lower values of vAp0 (weak magnetic field
strength) can be associated to the standard and normal
evolution (SANE; Narayan et al. 2012) model referred in
hot accretion flow simulations, and larger values of vAp0
(strong magnetic field strength) can be related to the
magnetically arrested disk (MAD; Narayan et al. 2003)
model.
In Figure 2, we show profiles of diagnostic physical
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Fig. 3.— Alfve´n radius, mass loading parameter, ratio of toroidal to poloidal magnetic field strength, poloidal velocity at the wind base
and at fast magneto-sonic point, and plasma β at wind base as a function of poloidal magnetic field vAp0 (black curves) and temperature
cs0 (blue curves) at wind base. When varying vAp0, three values of temperature are investigated where cs0 = 0.1 (dotted), 0.3 (dashed),
and 0.5 (solid). When varying cs0, three values of poloidal field vAp0 are investigated where vAp0 = 0.2 (solid), 1 (dashed), and 10 (dotted).
quantities at various vAp0 with non-consecutive values
from 0.2vK0 to 10vK0. The overall proportionality as a
function of R of each physical quantity at large distances
for different vAp0 shares great similarity. Larger poloidal
field strengths lead to fast poloidal velocities. The Alfve´n
points and fast magneto-sonic points generally shift to-
ward larger radii as poloidal fields are enhanced. The
poloidal velocities all tend to approach an asymptotic
value at large radii. At fast magneto-sonic point, the
poloidal velocity mostly reaches its asymptotic value.
The angular velocity in Figure 2 shows a transition from
corotation to conserving specific angular momentum for
strong poloidal fields. When the poloidal magnetic field
is weak at the wind base, the magnetic tension is not able
to sustain the corotation between the gas and the field
line (see §4.4). The ratio of toroidal to poloidal magnetic
field tends to be smaller once the poloidal field strength
is stronger at the launching point as expected, and the
plasma β drops with increasing vAp0.
In Figure 3, we show in black curves the dependence
of poloidal field strength vAp0 on Alfve´n point, mass
loading parameter, magnetic field strength ratio at wind
base, poloidal velocity at the launching point and at fast
magneto-sonic point, and the plasma β at wind base.
The filed strength spans over 0.01 to 100 vK0. Shown
in the upper left panel, the Alfve´n point shifts toward
large radii with vAp0 and boosts when vAp0 & 1. The
ejection index (Equation 26) which is the ratio of cumu-
lative mass-loss rate to wind-driven mass accretion rate is
directly related to the location of the Alfve´n point. Tak-
ing representative values of vAp0 = 0.1, 1, and 10, we find
the corresponding ejection indices ξ ≈ 3, 0.15 and 0.0086,
respectively. Larger ejection indices correspond to more
massive mass loading. As shown in the upper middle
panel, the mass loading factor is a decreasing function
with vAp0, hence an increasing function of ξ as expected.
The field strength ratio |Bφ0/Bp0| declines with vAp0,
which indicates strong mass loading leads to fast devel-
opment of toroidal magnetic field since it is harder to
enforce corotation with more massive winds so that the
field line bends more.
The lower left panel of Figure 3 delineates poloidal
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velocity at the wind base. In the domain of vAp0 we
investigated, the poloidal velocity at the footpoint vp0
spans over 0.01 to 0.5 vK0 with increasing poloidal field
strength. Small-scale 3D GRMHD simulations of hot
accretion flows imply that near the surface a poloidal ve-
locity at each radius is about 0.2vK(r), where vK(r) is the
local Keplerian velocity (Y15). Their results are achieved
via weighting through the mass flux of wind at different
radii, since at each launching point r0 the outflow is a
combination of wind originated from r < r0. One can
approximately treat 0.2vK to be the wind poloidal veloc-
ity launched at r0 since the wind launched at larger radii
carries more mass flux, concluded by fitting the simula-
tion results, which gives M˙wind ∝ rs and s ≈ 1. In §3,
we address that the poloidal velocity at footpoint is not
prescribed because the number of parameters to be given
at the boundary are limited by requiring wind solutions
to pass through the slow and fast critical points. With
our fiducial wind temperature cs0 = 0.5 and fiducial field
strength at wind base vAp0 = 0.2, the poloidal velocity is
vp0 ≈ 0.2vK0, which is consistent with the GRMHD sim-
ulations. We also note that when vAp0 & 1, the poloidal
velocity at wind base approaches an asymptotic value of
about 0.5vK0.
The terminal velocity of wind also deserves attention.
It reaches a faster speed as poloidal magnetic field at
the wind base goes larger. The poloidal velocity can rise
several times or one order-of-magnitude larger than it is
at the wind base. The fiducial model of vAp0 = 0.2 re-
veals a terminal velocity of vpf ≈ 0.5vK0(≈ 0.016c). Y15
trace the trajectory of wind from 80 to 103rg to study
the physical properties during the outward propagation
of wind. They find the poloidal velocity of wind with
opening angles θ . 30◦ shows an increase with distance,
and it tends to keep constant since the launching point
when 40◦ . θ . 50◦. Their results are applicable to a ra-
dial extent close to the accretion disk (up to a few times
100rg) where the corona region above the main disk body
is rather turbulent, unlike the pure MHD model adopted
in this work.
It is immediately apparent that the plasma β0 is a de-
creasing function with vAp0. As seen in the lower right
panel of Figure 3, it ranges from unity down to 10−4 for
vAp0 ∈ [0.01, 100] for the fiducial temperature cs0 = 0.5,
and even lower when the temperature drops down. An-
other diagnostic quantity of interest is the ratio of Poynt-
ing flux to kinetic energy flux σ. Though not shown in
the figure, we address that the Poynting flux to kinetic
energy flux ratio is nearly a constant σ ∼ 2 at large radii
through the entire domain of vAp0 and cs0 employed in
Figure 3. This means the values of Alfve´n velocity and
fast magneto-sonic velocity are comparable toward large
radii (Equation 31).
4.3. Dependence on Temperature
We study the influence of wind temperature at launch-
ing point since it differs substantially for hot accretion
flows and thin disks. In Figure 3, we first keep cs0 fixed
throughout the domain of vAp0 by adopting three rep-
resentative values cs0 = 0.1, 0.3, and 0.5 vK0. Then we
vary cs0 at fixed values of vAp0 = 0.1, 1, and 10 vK0. We
find that wind properties do not show strong dependency
on the temperature at the footpoint, except plasma β0.
The black curves in Figure 3 reveals that the influ-
ence of launching point temperature on wind evolution
is modest. The enhanced wind temperature results in
smaller Alfve´n radius, higher mass loading, faster launch-
ing velocity, and slower terminal velocity. The magnetic
field shows equal partition between poloidal and toroidal
components for all three cs0 at vAp0 ∼ 1. With slopes of
|Bφ0/Bp0| varying slightly with different cs0, the wind at
footpoint is generally more toroidal field dominated when
vAp0 < 1 and vice versa. When we fix vAp0 at 0.2, 1, and
10 vK0, wind temperature cs0 from 0.01 to 0.5 vK0 are
under investigation. Shown in the blue curves in Figure
3, the diagnostic quantities generally vary slightly with
cs0, except vAp0 and β0. The poloidal field vAp0 shows
more prominent increase with vAp0 & 1. The plasma β0
at wind base is a strong function of cs0 since it is closely
related to the gas pressure. The black and blue curves in
the lower right panel of Figure 3 indicates that at fixed
vAp0 higher temperature yields lower β0 as expected.
4.4. Acceleration Mechanism
In this work, we aim to study how magnetism influ-
ences the dynamics of disk winds. The magnetically driv-
ing mechanism can be divided into two categories based
upon the locus of the Alfve´n point (Equations 24 and 25).
In general, with radii smaller than the Alfve´n radius, the
gas is accelerated mainly via magneto-centrifugal force
where corotation is enforced. Beyond the Alfve´n radius,
gas conserves specific angular momentum and is acceler-
ated via toroidal magnetic pressure gradient.
Physically, near the wind base the poloidal magnetic
field strength is reasonably large so that the magnetic
pressure is strong compared to the gas pressure or the
ram pressure. The magnetic tension force persists and
the field line behaves like a rigid wire where gas is free
to move along it, resembling the scenario of “beads on a
wire”. The wind is enforced to corotate with the field line
sticking out of the disk surface. The enforced corotation
causes the increase of centrifugal force with distance to
sustain the outward acceleration. This regime is referred
to magneto-cetrifugal force in driving outflows. Along
the wind trajectory, the poloidal field strength drops to-
ward large distances. The magneto-centrifugal accelera-
tion will effectively stop when the ram pressure starts to
exceed magnetic pressure, and the corotation is ceased to
be valid since the magnetic tension force weakens. Mean-
while, the toroidal component of the field builds up due
to the disk rotation and subsequently dominates over its
poloidal component. Then the flow is accelerated mainly
through toroidal magnetic pressure gradient.
In Figure 2, the upper right panel shows that with
strong poloidal magnetic field at the wind base (vAp0 &
5), the corotation is enforced near the disk surface with
poloidal magnetic field dominates the toroidal compo-
nent as seen in the lower left panel. Close to the Alfve´n
radius, |Bφ/Bp| becomes above unity, and the corotation
is ceased. Weak poloidal magnetic fields (vAp0 . 5) pos-
sess a large |Bφ/Bp| at the wind base, not even allowing
the corotation to occur.
A more intuitive understanding of wind acceleration
mechanism can be achieved through looking at the com-
ponents of specific energy terms in the Bernoulli integral
(Equation 12), which is expressed in a frame rotating
with angular frequency ω. Rearranging Equation (12),
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Fig. 4.— Components of potential energies and forces along the wind trajectory with varying vAp0 = 0.2 (first column), 1 (second
column), 10 (third column) and fixed cs0 = 0.5. Top panels: Bernoulli constant (ε) and components of potential energies, namely, radial
kinetic energy (1/2v2p), rotational energy (1/2v
2
φ
), black hole gravitational potential (Φ), enthalpy (h), and centrifugal potential (−vφωR)
as a function of R (Equation 33). Bottom panels: components of forces, namely, thermal pressure gradient (red), magnetic pressure
gradient (blue), and gravity (black) as a function of R (Equation 34). The vertical dashed lines denote the Alfve´n points (grey) and fast
magneto-sonic points (black).
we can arrive at
ε =
1
2
v2p +
1
2
v2φ +Φ+ h− vφωR. (33)
On the right hand side of Equation (33), the terms cor-
respond to radial kinetic energy, rotational energy, grav-
itational potential, enthalpy, and centrifugal potential,
respectively. In the upper panels of Figure 4, we show
components of Bernoulli integral as a function of R at
vAp0 = 0.2, 1, and 10vK0. In the limit of weak poloidal
field (vAp0 = 0.2vK0), it suggests that the drop of en-
thalpy, rotational energy, and centrifugal potential com-
pensates the increase of the gravitational potential and
radial kinetic energy. More precisely, it is mainly the
rapid decrease of enthalpy that offsets the quick growth
of the gravitational potential, which is consistent with
the results in Cui et al. (2019) where pure hydrody-
namic model is assumed. Towards strong poloidal field
limit (vAp0 = 10vK0), the radial kinetic energy shows a
more pronounced increase primarily due to the energy
converted from the centrifugal potential. Intermediate
poloidal field (vAp0 = 1) leads to a case in between.
It is noteworthy that the Bernoulli integral (Equation
12) has no contribution from magnetic forces as in the
corotating frame the total magnetic field B is parallel
to the total velocity v. Nonetheless, it is ultimately the
magnetic forces that drive the outward propagation of
the wind. One can find that the magnetic term does in-
volve in the Bernoulli integral in its rest frame expression
(§2.2). To examine the effects of magnetism on driving
disk winds, we write the equation of motion along the
poloidal magnetic field as
dvp
dt
= −1
ρ
dP
ds
− dΦ
ds
− 1
8piρ
dB2φ
ds
, (34)
where s is the length along the wind trajectory. The
last term on the right hand side associates to the pres-
sure gradient of toroidal fields along the direction of wind
propagation. The outward acceleration of wind requires
the thermal and magnetic pressure gradient to overcome
the gravity.
In the bottom panels of Figure 4, we decompose the
poloidal forces into thermal and magnetic pressure gra-
dient, as well as gravity at different vAp0 and fixed
cs0 = 0.5vK0. In the limit of weak poloidal field (vAp0 =
0.2vK0), the forces exerted by thermal and magnetic pres-
sure gradient are comparable, with thermal pressure gra-
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dient being more pronounced before passing through the
Alfve´n point. The toroidal magnetic pressure gradient
dominates over the thermal pressure to drive outward
acceleration when vAp0 > 1. The magnetic pressure gra-
dient becomes overwhelming when the poloidal field at
the wind base is strong, i.e. vAp0 & 10, which results in
the boost of terminal velocity (Figure 3).
4.5. Dependence on Mass Loading
In §2.6, we present (asymptotic) relations between di-
agnostic physical quantities (Equations 28-31), namely,
the Alfve´n radius, the terminal velocity, the ratio of
magnetic field strength, the ratio of Poynting flux to
kinetic energy flux, for which Equations (28)-(30) are
derived in the case of cold Weber & Davis wind model
(θ = 90◦, cs0 = 0). Our model differs from it by an in-
clined wind trajectory θ = 45◦ and cs0 = 0.1, 0.3, and
0.5. Being more generalized, our results are compared
to the derived relations to test whether they can still be
obeyed.
In Figure 5, the top panel shows that high mass load-
ing (weak vAp0) is associated to small Alfve´n radius so
large mass loss to mass accretion rate. Our results match
perfectly to the relation in Equation (28) especially when
µ . 0.1 for all three cs0 adopted. It seems the relation
holds for small mass loading. When µ & 0.1, winds with
different cs0 show deviations from the derived relation
in different extents. The RA falls below expectation for
cs0 = 0.3 and 0.5, but rises up for cs0 = 0.1. A lower
limit of RA = (3/2)
1/2 is placed for high mass laoding
by the cold wind model, while it is no longer valid for
winds that possess finite temperature.
The middle panel of Figure 5 implies that high mass
loading results in more toroidal magnetic field dominated
case, since it is more difficult to enforce gas to corotate
with the field line once the outflow is massive. The hori-
zontal asymptotic relation is strictly obeyed when µ≪ 1
(strong vAp0) for all cs0. In the weak poloidal field limit,
colder winds show better consistency to the derived re-
lation, while the curve of cs0 = 0.5 deviates more promi-
nently from the asymptotic line. Given µ fixed, warmer
winds tend to obtain lower |Bφ/Bp|RA values, because
that the Alfve´n radius is closer to the wind base and that
|Bφ/Bp|RA is always an increasing function with radius.
In the bottom panel, we show the terminal velocity
as a function of mass loading µ. Despite of the wind
base temperature, all three models with various cs0 are
strictly satisfied the asymptotic relation. It is likely be-
cause that our prescribed wind model, with an adiabatic
index γ = 1.4, is cooled nearly adiabatically. Hence, the
wind temperature drops rapidly with radius. At large
distances, the wind is cold as in the model for the de-
rived relation.
5. PARAMETER STUDY
We instigate the dependance of diagnostic physical
quantities on field line angular velocity (§5.1) and adi-
abatic index (§5.2) in this section. In Figure 6, we show
two quantities of interest, namely RA and vpf , as a func-
tion of poloidal magnetic field strength at the footpoint
vAp0. The Alfve´n point RA directly relates to the mass
loading and can be used to discriminate the magneto-
centrifugal and toroidal magnetic pressure gradient dom-
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Fig. 5.— Diagnostic physical quantities as a function of mass
loading parameter µ at various wind base temperatures cs0 = 0.5
(solid black), 0.3 (dashed black), 0.1 (dotted black). Top panel:
loci of Alfve´n point as a function of mass loading parameter. Mid-
dle panel: ratio of poloidal to toroidal magnetic field strength at
Alfve´n point. Bottom panel: wind terminal velocity as a function
of µ. The dash-dotted blue curves in all panels denote the relation
derived from cold Weber & Davis wind model in §2.6.
inated region. The terminal velocity vpf shows the extent
of wind acceleration.
5.1. Dependence on Field Angular Velocity
We compute the angular velocity of the field line us-
ing Equation (10) with small-scale accretion disk simula-
tions. The θ-dependence leads us to adopt a larger value
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of ω = 1 to follow the trend of solutions. In the lower
left panel of Figure 6, we find that higher field angular
velocity results in a greater RA and vpf .
5.2. Dependence on Adiabatic Index
The adiabatic index γ of wind remains uncertain and
is determined by the intricate interplay among thermal
conduction, heating and cooling. Accurate values can be
obtained through numerical simulations by following the
trajectory of wind which may introduce further compli-
cations to our MHD wind equations by varying its value
along the field line. In the hydrodynamic case, γ < 1.5
is required to obtain transonic solutions when angular
momentum is not taken into account.
For simplicity, we adopt a constant γ in the model and
test adiabatic indices above and below our fiducial value.
In the right panel of Figure 6, the wind solution is gener-
ally not a strong function of γ, provided by the fact that
RA and vpf do not show discernible variations when vAp0
is greater than unity. When vAp0 is less than unity, larger
adiabatic indices result in greater Alfve´n radii. That is
caused by the thermal pressure gradient being compara-
ble to the magnetic force in driving winds at weak field
strengths. The temperature which is determined by γ
then plays an important role. As vAp0 > 1, the magnetic
force dominates the wind acceleration (see Figure 4) so
that slight variation in γ will not modify the solutions in
a great extent.
6. CONCLUSIONS AND DISCUSSION
6.1. Summary
In this work, we present an initial effort toward study-
ing the dynamics of black hole accretion disk winds to-
ward large radii. Disk winds are essential ingredients
for AGN feedback in understanding the coevolution be-
tween the central supermassive black hole and the host
galaxy. The limited dynamical range of small-scale ac-
cretion disk simulations does not allow us to study the
kinematics of winds toward galaxy scales. In this work,
we employ wind properties obtained in small-scale accre-
tion disk simulations as our inner boundary conditions
and adopt analytic model to provide a simple but in-
tuitive way to understand wind dynamics over a wider
spatial range.
We construct 1D MHD equations following
Weber & Davis (1967) in cylindrical coordinates.
Four equations associated to four conserved quantities,
including mass to magnetic flux, angular velocity of
the field line, specific angular momentum, and specific
energy (Equations 9-12) are solved. The solution is
requested to pass through the slow, Alfve´n, and fast
critical points smoothly. We do not impose a condition
that all three critical points should have their loci
beyond the wind base. Our fiducial model is set with
parameters for winds from hot accretion flows, specif-
ically cs0/vK = 0.5, vAp0/vK = 0.2, and ω/ΩK = 0.8.
The geometry of poloidal magnetic field is prescribed as
a straight line with a constant angle from the rotational
axis (θ = 45◦), while the strength is described by the
divergence free condition. We summarize our main
results as follows.
The physical quantities possess the following relations
with cylindrical radius R as the wind passes the fast
magneto-sonic point:
ρ ∝ R−2 vp ∝ const. vφ ∝ R−1
Bφ ∝ R−1 β ∝ ργ−1, (35)
with the prescribed poloidal magnetic field Bp ∝ R−2.
Moreover, we explore the dependence of poloidal mag-
netic field at wind base characterized by vAp0 in a range
from 0.01 to 100. The weak magnetic field case cor-
responds to SANE model in accretion flow simulations,
and the strong magnetic field case associates to MAD
model. The Alfve´n radius is a quick increasing function
with magnetization when vAp0 is above unity, whereas
the mass loading parameter is a decreasing function of
vAp0. Equal partition of |Bφ0/Bp0| is achieved when
vAp0 is about unity, with smaller |Bφ0/Bp0| toward large
vAp0. The poloidal velocity at footpoint vp0 is enlarged
with vAp0 but approaches an asymptotic value of 0.5vK0
when vAp0 > 1. Faster terminal velocity vpf associates to
stronger vAp0, and the plasma β0 is a decreasing function
of magnetization as expected. We further investigate the
dependence of temperature at wind base cs0 from 0.01 to
0.5vK0, which shows modest impacts on physical quanti-
ties.
The wind acceleration mechanism is studied under dif-
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ferent poloidal magnetic field strengths at the wind base.
With strong poloidal fields vAp0 & 5, the corotation can
be enforced close to the disk surface. Beyond the Alfve´n
radius, corotation is ceased where the gas rotates by con-
serving specific angular momentum. Weak poloidal fields
vAp0 . 5 do not give rise to the corotation. The de-
composition of Bernoulli constant reveals that with weak
poloidal field where vAp0 = 0.2, it is chiefly the enthalpy
that converts to the black hole potential energy, resem-
bling the scenario in pure hydrodynamic model. Strong
poloidal field strength vAp0 = 10 results in fast rise of
radial kinetic energy attributed to the conversion from
the centrifugal potential. The decomposition of poloidal
forces indicate that the thermal pressure gradient is com-
parable to the toroidal magnetic pressure gradient near
the wind base at vAp0 = 0.2, and the magnetic force
dominates the acceleration for vAp0 & 0.2.
The dependence of diagnostic physical quantities on
mass loading parameter µ is presented. Heavily loaded
winds correspond to weakly magnetized winds (vAp0 <
1). The Alfve´n radius is a decreasing function of µ,
while |Bφ/Bp|RA rises with it. The relations derived in
cold Weber & Davis model are generally obeyed for rel-
atively cold winds in our model, whereas warmer winds
show more deviations. The terminal velocity of wind
fits perfectly to the derived relation which seems not to
be affected by the wind temperature. We deduce that
is caused by the nearly adiabatic cooling of the wind.
The ratio of Poynting flux to kinetic energy flux toward
large radii approaches an asymptotic value of σ ∼ 2.
The dependance on the field line angular velocity and
the adiabatic index are explored as a function of vAp0.
The Alfve´n radius RA and terminal velocity vpf enlarge
with larger field line angular velocity ω. The adiabatic
index does not seem to impact the wind solution much
especially when vAp0 > 1.
6.2. Discussion
6.2.1. Comparison with Hydrodynamic Model
In the first paper of this series, hydrodynamic wind
model considering the black hole and galaxy potential
is employed to study the wind dynamics toward large
distances (Cui et al. 2019). The wind solution found
in that work requires to pass through the sonic point
smoothly, which is the only critical point in the hydro-
dynamic model. We demonstrate that the relations of
physical quantities as a function of cylindrical R are
ρ ∝ R−2, vp ∝ const., and vφ ∝ R−1. The wind ac-
celeration is attributed to the conversion of enthalpy to
kinetic energy. For hot accretion flows, the radial velocity
of wind is nearly constant (≈ 0.2vK0) with the departure
from the wind base.
Including magnetism, we note that the hydrody-
namic variables share the same proportionalities with
R to those in the hydrodynamic model. The wind
is accelerated by both thermal pressure and magnetic
force for weak magnetization (vAp0 ∼ 0.2), where the
toroidal magnetic pressure gradient dominates the mag-
netic force. For strong magnetization (vAp0 > 1), ther-
mal pressure is not important and the acceleration is
attributed to magneto-centrifugal force near the surface
and magnetic pressure gradient beyond the Alfve´n ra-
dius. This leads to the terminal velocity for the mag-
netized wind reaching vpf = 0.5vK0(≈ 0.016c) for the
fiducial model where vAp0 = 0.2, and boosts to vpf =
vK0(≈ 0.03c) and vpf = 5vK0(≈ 0.15c) for vAp0 = 1 and
10, respectively (Figure 3).
6.2.2. Caveats
One limitation of this work is that we do not include
galaxy potential in the MHD equations. As the wind
propagates over the accretion scales, the gravitational
potential from the galaxy will play a role against its out-
ward acceleration. This extra potential shall be involved
in the Bernoulli integral. Nevertheless, our hydrody-
namic results imply that the galaxy potential does not
significantly affect the wind solution when adopting rea-
sonable parameters at the wind launching point. With
the complexity of solving for MHD equations, the galaxy
potential is thereby temporarily excluded in this work
for the sake of simplicity.
Another caveat comes from the collimation of the
wind. To confine the momentum flux of the outflow, it
can be either compressed by an external, gas pressure-
dominated medium or by the hoop stress associated
with the magnetic tension of the toroidal magnetic
field. However, the kink instability takes place with
the presence of a predominating toroidal field. Once
the instability sets in, the collimation provided by
the hoop stress is mitigated (Eichler 1993). Rather
than collimated by the toroidal pinching force, the
poloidal disk magnetic field is suggested to preserve
the collimation (Spruit et al. 1997). The winds are
expected to experience the confinement via the mech-
anisms mentioned above. The collimation modifies the
trajectory of the wind such that the geometry and
strength of poloidal magnetic field would be different.
However, previous work have proved that the wind
properties are not sensitive to field geometry (Bai et al.
2016). To properly deal with the collimation of the
flow, the force balance in (R, z)-plane perpendicular
to the poloidal magnetic field should be considered
(e.g., Sakurai 1985; Grad-Shafranov equation). In
this case, the solutions obtained for a fixed poloidal
magnetic field are still valid, but we should interpret the
results in terms of the yet to be determined poloidal field.
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